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From the beginning of human civilization, matheigcghas been an integral
part of society, so much so that even the very ¢isslized society, Mesopotamia,
developed an extensive system of mathematics. Wégen simply as a need for
counting things and conducting trade soon becanehmore complex as surveyors and
builders found a need for geometry. These sungegdvanced Babylonian mathematics
to the point of square roots and Pythagorean #j@ad eventually to what modern

mathematicians call Algebra (A History of MathematKatz 13).

What makes the Babylonians stand out is not ordy thronology, but also their
method of recording mathematics. They wrote thveirk with styluses on clay tablets,
and this is extremely fortunate for both historiansl mathematicians, because these clay
tablets turned out to be nearly indestructible, ana result, many have survived to this

day (A History of Mathemati¢c¥atz 10). The example that | will be examininghis

paper comes from such a tablet, problem 9 from EBSIOL.

To properly analyze a primary source of Babylonizathematics, it is obviously
important to know the extent of Babylonian matheoahtknowledge. For starters, the
Babylonians used a base 60, or sexagesimal, nusgbsm that included place values.
They could also derive square roots and solve lisgstems. The Babylonians could
also solve quadratic, and even cubic equationsfarttieir time, were extremely
advanced algebraically (Allen 5-17).

It is also worthwhile to note that, as far as we t&l, the Babylonians didn’t
have any practical applications for these typeguaidratic problems. The Indians,
however, did have some practical applicationsHesé problems, and a particular

example occurs in th8ulbasutraswhen the need arises for brick altars in the sladp
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falcon. In the texts, the only details given abibwt falcon’s trapezoidal tail are the area,
length of the side that touches the body, andltpesof each side of the trapezoid, given
indirectly by the method of cutting the square ksic As a result, the rest of the figure
must be deduced through mathematics. The elerétits trapezoid (a rectangle and
two right isosceles triangles) can be rearrangddrta a rectangle if the two right
triangles are combined to make a square. The iequatfind the area is then given by
x* + ax= A, wherea is the length of the side that touches the badlythe height of the
rectangle and original trapezoid, afvas the total area. When the quadratic is soleed f
X, you have all the information needed to buildfédeon’s tail (Knudson 64-65). Math
historian Jens Hoyrup even remarks that the gedesafjn of the quadratic problems in
the Sulbasutrasare very similar to those found in Ancient Mes@poia, although he

isn’t certain whether or not the two cultures esleared mathematical knowledge
(Knudson 67).

This particular paper, however, is not about Babio mathematics as a whole,
but rather a comparison of interpretations of asgeBabylonian problem. The
comparison will involve both my own analysis antempretation of the problem and Jens
Hoyrup’s.

For my interpretation of problem 9 from the Babyfbonmath text BM 13901, |
used the translation from the Katz sourcebook, whias done by Eleanor Robson. As |
mentioned before, Babylonian mathematics was dosexagesimal or base 60, so in
order to make the arithmetic more clear, | addedctirresponding base 10, decimal
number in parentheses next to every sexagesimabe&unThe following is the Robson

translation:
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“I summed the areas of my two square-sides soitheds 0;21 40 (13/36). A
square-side exceeds the (other) square-side by(@Q/6). You break off half of
0;21 40 (13/36) and you write down 0;10 50 (13/7€pu break off half of 0;10
(1/6) and then you combine 0;05 (1/12) and 0;03Z)/ You take away 0;00 25
(1/144) from the middle of 0;10 50 (13/72) and tBetD 25 (25/144) squares
0;25 (5/12). You write down 0;25 (5/12) twice.u¥amd 0;05 (1/12) that you
combined to the first 0;25 (5/12) so that the sguside is 0;30 (1/2). You take
away 0;05 (1/12) from the middle of the second @52%2) so that the second

square-side is 0;20 (1/3jKatz Sourcebook 105).

For my interpretation of this translation, | atteéeghto make each step correspond

to a geometric or arithmetic operation. Let’s lpegith the first step.

“I summed the areas of my two square-sides soitheds 0;21 40 (13/36). A

square-side exceeds the (other) square-side by (Q/60.”



Burchett, 5

This step is simply states the dimensions of terés that are referenced in this
problem. The square side of the larger squarenstéd with the variabbeand the
square side of the smaller square wid; 10 (1/6). This step also gives the total affea o

the two squares combined: 0;21 40 (13/36). Thgsarss are shown in the figure below:

x - 0;10 (1/6)

Total Area =0;21 40 (13/36)

“You break off half of 0;21 40 (13/36) and you terdown 0;10 50 (13/72).”

This step instructs us to break the sum of thesapé¢he squares in half. This may have

been done by positioning the two figures next wheather as shown in the figure below:
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x - 0;10 (1/6)

0;10 (1/6)

Total Area = 0;21 40 (13/36)

To break the figure exactly in half, take half offedch of the squares, as shown below.

This makes the total area of the figure 0;10 50723

X x - 0;10 (1/6)

0;10 (1/6)

x - 0,10 (1/6)

Total Area = 0;21 40 (13/36)

X/2  x2-05(1/12)

x - 0;10 (1/6)

0;10 (1/6)

Total Area =0;10 50 (13/72)

“You break off half of 0;10 (1/6) and then you caneb0;05 (1/12) and 0;05

(1/12).”

This is the first step in the problem that is diffit to interpret. | suggest that the “half of

0;10 (1/6)” refers to taking half of the rectanfyemed by the excess length of the larger
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square. This rectangle has a basedfind a height of 0;10 (1/6). This operation ban

seen in the figure below:

X/2  x/2-0:05(1/12)

x - 0;10 (1/6)

---------------- 0;10 (1/6)

005 (1/12)

Total Area=0;10 50 (13/72)

The “combining of the 0;05 (1/12) and 0;05 (1/1&)ay refer to the newly formed
rectangle taking one of its sides, with a heigh®;06 (1/12), and combining it with its
other half, also with a height of 0;05 (1/12). Fbperation can be seen in the figure

below.
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x - 0;10 (1/6)
x - 0;05 (1/12)

0;05 (1/12)

~ 2

Total Area =0;10 50 (13/72)

As you can observe in the new figure, two new segiave been formed. One square
has the square siaed;05 (1/12), while the other square has the sgsidee0;05 (1/12).

This can be more clearly seen in the figure below:

x - 0;05 (1/12)

x - 0,05 (1/12)
005 (1/12)

j 005 (1/12)

Total Area =0;10 50 (13/72)

“You take away 0;00 25 (1/144) from the middle @df0050 (13/72)”
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The total area of the smaller square with the sij@s (1/12) is now clearly 0;00 25
(1/144). This 0;00 25 (1/144) is what the tranelats referring to, and the “taking
away” simply means to remove the smaller squama tiee larger one, as shown in the
figure below. It is also important to note thastis the one instance where my
interpretation doesn’t follow the text very closelyhe text refers to taking away “from
the middle”, while my diagrams clearly show a takaway from the side. This now

makes the total area of the figure 0;10 25 (25/144)

x - 0;05 (1/12)

x - 0505 (1/12)

Total Area = 0;10 25 (25/144)

“and then 0;10 25 (25/144) squares 0;25 (5/12).”

This is simply referring to the fact that the squeoot of 0;10 25 (25/144) is 0;25 (5/12).
In modern terms, this gives u€;05 (1/12) = 0;25 (5/12). This fact will be usedhe

next step of the translation.
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“You write down 0;25 (5/12) twice.”

This tells us to write down the value we provedthéoequal tox-0;05 (1/12). The reason
it asks us to write it down twice is because weadneut to find both the length of the side

of the original large square, and the length ofside of the original small square.

“You add 0;05 (1/12) that you combined to the fds25 (5/12) so that the

square-side is 0;30 (1/2).”

This operation will give us the length of the safehe original large square. Due to the
fact that 0;25 (5/12) x-0;05 (1/12), we simply add 0;05 (1/12) to eaclegmobtain the

value ofx. The result, as stated in the translatioxn3s0;30 (1/2).

“You take away 0;05 (1/12) from the middle of teeand 0;25 (5/12) so that the

second square-side is 0;20 (1/3).”

Very similar to the previous step, this step giveghe length of the side of the original
small square. Due to the fact that 0;25 (5/12)0;05 (1/12), we simply subtract 0;05
(1/12) from each side to obtain the valuex@10 (1/6). The result, as stated in the
translation ix-0;10 (1/6) = 0;20 (1/3).

That concludes my interpretation of the translabbproblem 9 from the

Babylonian math text BM 13901. As you can segagettto follow the translation word
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for word, and using some neat geometry tricks amgle algebra | was able to come to a
solution pretty easily.

Next comes the interpretation of the same problgdems Hoyrup, who has both
translated and interpreted a wide range of Babglomathematical tablets. The
translation that Hoyrup uses is slightly differémam the translation | used, so we should

start with examining the differences.

“The surfaces of my two confrontations | have acalated: 0;21,4[0].
Confrontation over confrontation 0;10 goes beyoiithe moiety of 0;21,40 you
break: 0;10,50 you inscribe. The moiety of 0;1Q poeak: 0;5 and 0;5 you make
hold. 0;0,25 inside 0;10,50 you tear out: 0;10r88kes 0;25 equilateral. 0;25
until twice you inscribe. 0;5 which you have makél to the first 0;25 you
append: 0;30 the confrontation. 0;5 inside thes®t0;25 you tear out: 0;20 the

second confrontation{Hoyrup 168).

Hoyrup’s translation appears to be more literahtRobson’s: indeed it is
scarcely readable without first consulting the dietiindex of mathematical procedures
and the terms used to describe those procedurelddlyeup provides in the beginning of
his article. It will be extremely helpful if we\g the definitions for all the words used in
this translation before we examine it.

* When the translation uses the word “accumulate yrhijo says that it is referring
to, “a genuinely numerical addition, and can thesibed to assess the measuring

numbers of, for example, lengths and areas.”
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Hoyrup describes the subtractive procedure of litgawut” to be the opposite of
“to append.” Hoyrup describes the adding procedfifappending” as operating
on concrete entities and only joining entitieshed same kind and dimension.

* The term, “to hold,” indicates multiplication arsglusually used when a length
and width are being used to create a rectangle. pftcess of “making hold” also
refers to a length and width coming together to enakectangle.

» “To confront” refers to the geometrical procedufésguaring,” ad naturally the
noun “confrontation” simply refers to a geometrigiare.

* A"moiety” is a “necessary half,” meaning thatsta half derived for a purpose,
and not coincidental. It is always half of sométgnand does not refer to the
number, %5.

» “Breaking” is the process of deriving a “moietyit’'is used for no other purpose
in Babylonian mathematics other than to find a ssagey half.(Hoyrup 158-162).

Now that we know all the terms and their meaniitgs, possible to examine Hoyrup’s
interpretation. Hoyrup begins by suggesting thatgroblem is referring to a standard
diagram. His goal is to see if the text hints apacific diagram that was likely used to
solve the problem. The first thing Hoyrup doedesive the “moiety” or “necessary half”
from the total area. His method of doing so igaalty different than my own.

Hoyrup proposes a method he believes is in link what the mathematicians
were actually doing, based on the fact that otheblpms in BM 13901 can be
interpreted in a similar way. This method emplaydiagram that, according to Hoyrup,
lies in the background of many problems in Babydoninathematics. The diagram can

be seen below:
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Hoyrup explains that within the square AH, aretthe original squares: ABFQ
and BCDE. It's also easy to see the sum of eachrscside: AB and BC. Also
important is the average square. It can be sedreagjuares AJ and JC. The deviation,
d, is represented by NB. Hoyrup observes thatishisost likely the diagram used to
solve this problem and states that the problenmbesiollowed quite easily with it, but
doesn’t spell out exactly how. The easiest wagn see a solution is by creating the two
average squares AJ and JC and having the two sopitoeching at the bottom, like in

the diagram below:
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As you can see, this creates a symmetrical fithatewill be very easy to take
half of, and still has the correct area for the safrthe two squares. After the step of
“breaking” the figure into a “moiety,” the figur@at remains is identical to the figure |
created in my solution. The area of the squareloambe computed, and the square-
sides can be easily obtained after that (Hoyrup 11&%).

I would first like to discredit the differencesimterpretation due to the
inconsistencies of the translations. If | had aatamined Hoyrup’s translation, | almost
certainly would have interpreted the passage irséimee way. The only real difference
between Hoyrup’s translation and my own is how hizes at the figure made up of the
average square (n Hoyrup’s interpretation and0;05 in my interpretation), because
after this figure is obtained, the areas of eaclasgibecome easy to compute.

When it comes to the question of which translaisosuperior, | would have to
give the edge to the Hoyrup interpretation, duthé&ofact that it utilizes a diagram that
appears to be common throughout Babylonian mathesnatioyrup even makes use of
this diagram again on the BM 13901 in problem 1@meht is used, once again, to obtain
the sides of a square. The following is the tratnsh used by Hoyrup in his analysis

(with added base 10 numbers in parentheses):

“My confrontations | have made hold: T[he] surfalckave [accum]ulated. So
much as the confrontation over the confrontatioegbeyo[nd] together with
itself: | have made hold, t[o inside the surfacélave appended: 0;23,20 (7/18).
My confrontations | have [accumulated, 0;50 (5/60]23,20 (7/18) until 2 you

repeat, 0;46,40 (7/9) you inscri[be] [0;50 (5/6ha 0;50 (5/6) you make hold,
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0;41,40 (25/36) inside 0;46,40 (7/9) you tear dyb (1/12). Theigi of 12 is 0;5
(1/12) to 0;5 (1/12) you raise, 0;0,25 (1/144) makeb (1/12) equilateral. The

moiety of 0;50 (5/6) you break, 0;25 (5/12) to (t5L2) you append: 0;30 (1/2)
the first confrontation. 0;5 (1/12) inside 0;2513) you tear out: 0;20 (1/3) the

second confrontation(Hoyrup 172).

First it is important to note that Hoyrup transtatee term “igi” to mean the
reciprocal of a number. In this case it simplyersfto the reciprocal of 12 being 0;5 (in
base 60).

In algebra terms, we are given that the sidgs=0;50 (5/6). We are also given
that the surface has an area of 0;23,20 (7/18)s Sihface consists af, y %, and &—y)>.
With this information, we are to find boandy. The following diagram shows this
surface, with the dark shaded region being couté® (once as part of the largér

square and again as theyj ?):
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To use the diagram effectively, though, one must iouble the figure, which is
done in the translation. The resulting equatio®xfs-2y*+ 2(x-y) °=0;46,40 (7/9), and the
picture of the figure is given by the two diagralbegow (the second merely being a

simplified version of the first), with numbers tertbte how many times each area is

counted:
1 1 1 1 1 1
7 4 1 1+3 1
1 1 1 1 | |

It becomes pretty clear what the next step is wlenlook at the second figure:
take away area the big squaxey() %, which is 0;41,40 (25/36) from the total areatss t
figure, which is 0;46,40 (7/9), leaving only thearf a 3¢-y) %, which is 0;5 (1/12).
After dividing the area by three, leaving you witi,40 (1/36), you are able to find the
length of each side of the center square simpliaking the square root of 0;1,40 (1/36),
which is 0;10 (1/6). This is extremely useful, dese we now know that half of the
middle side is 0;5 (1/12)x{y)/2 in algebra terms, and we can add and subtnectrom

the average side of 0;25 (5/122+()/2 in algebra terms, to obtain the side of thgdar
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square, calculated by adding 0;5 (1/12) to 0;254h/and to obtain the side of the
smaller square, calculated by subtracting 0;5 (1fttin 0;25 (5/12). These two
operations complete the problem, giving us thedasgjuare side of 0;30 (1/2), and the
smaller square side of 0;20 (1/3).

It is worthwhile to note that this problem presest&remely strong evidence that
the Babylonians used geometric manipulations teesalgebraic problems rather than
our modern methods. This is extremely clear dubédact that rather than simply
finding “x+y” and “x-y’, the text states that they instead fourx¥()/2” and “(x-y)/2".

This is unnecessary in modern algebra, but the maut#ation would render the diagram
we employed useless, as it would become necessaddik+y andx-y. This would

leave you with a2 which will exceed the side of the diagram by O{1®), making it
extremely difficult to understand what you do nexien using only the diagram to solve
the problem.

Clearly the standard diagram that Hoyrup suggestprbblem 9 has been seen
before in Babylonian algebra, and due to this faistinterpretation is, in all likelihood,
superior to my own. Regardless, it's very usefuttamine these geometric methods for
solving problems simply because it shows you tigemuity of these Ancient
Mathematicians, and inspires us to approach diftggeoblems in new, and often easier

ways.
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